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What’s hydrodynamics?
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n = 1,…N particles mnan = Fn

Classical dynamics Newton’s second law

MORE PRACTICAL DESCRIPTION? FLUID DYNAMICS

Continuum limit
Discrete particles are ignored 

Fluids are continuous

MAIN ASSUMPTION
Based on conservation laws

Energy, particle number… 
(continuity equation)

DERIVING EQUATIONS

iℏ
d
dt

|Ψ(t)⟩ = Ĥ |Ψ(t)⟩ Emergent fluid-like behavior?



Example: the diffusion equation
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∫V
n( ⃗r, t) d ⃗r = N ∀tParticle number is conserved

local density

∂t n ( ⃗r, t) − D∇2 n ( ⃗r, t) = 0Continuity equation 
+ Fick’s first law

x

n (x, t)

Solving it in 1D:

t1
t2 t3

DIFFUSIVE BEHAVIOR
t = 0 : Nδ(x)

n(x, t) =
N

4πDt
exp (−

x2

4Dt )

n(x, t) = t−1/2 fGaussian (x/t2)



Analog for quantum systems?
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1D array of interacting 
spins S=1/2

Ĥ = J∑x

̂ ⃗Sx ⋅ ̂ ⃗Sx+1, J > 0

Why 1D? More analytical and numerical tools

The Heisenberg model

EMERGENT HYDRO FOR THE SPIN DYNAMICS?
In the long time and long wavelength limits

[Ĥ, M̂z = ∑x
̂Sz
x] = 0Conserved quantity: Total magnetization

Analogy with the 
diffusion equation

DO WE GET SPIN 
DIFFUSION?

M̂z ≡ # of particles
̂Sz
x ≡ Local density



Outline

A. Introduction — Hydrodynamics 

B. Hydrodynamics in 1D quantum magnets 

C. Experimental detection 

D.  Conclusions and perspectives



Looking for hydrodynamics
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Thermal equilibrium at high temperatures
More relevant for materials Shorter time/length scales 

for emergence of hydro.

Kardar–Parisi–Zhang 
“KPZ”

SUPER-DIFFUSIVE 
SPIN DYNAMICS

⟨ ̂Sz
x(t)⟩

Constant at 
equilibrium…

In the thermodynamic limit L ! ! the second term
vanishes as there are no correlations across infinite dis-
tances, and using the cyclic property of the trace we get

hsz0!0"szr!t"i # lim
!!0

hszr"1!t"i! " hszr!t"i!
2!

: !7"

This is our first main result. It shows that a weak domain
wall initial state can be seen as a trick that allows us to
calculate the infinite-temperature spin-spin correlation. We
next recall [8] why the left-hand side of Eq. (7) is in certain
classical systems described by the KPZ scaling function.
Kardar-Parisi-Zhang equation.—The KPZ stochastic

partial differential equation was initially suggested to
model the growth of surface h!r; t" through random
deposition [2]

!th # 1

2
"!!rh"2 $ #!2

rh$
!!!
!

p
$; !8"

where $!r; t" is a space-time uncorrelated noise.

Of particular interest to us will be the correlation function
C!r; t" # h%h!r; t" " h!0; 0" " th!thi&2i—representing the
fluctuations of the height around the expected value—and
its second derivative 1

2 !2
rC!r; t" # h!rh!0; 0"!rh!r; t"i—

describing the slope correlations (here brackets denote noise
averaging). In terms of scaling functions g!%" and f!%"
one has

g!%" # lim
t!!

C(!2"2t2!#"1""1=3%; t)
!12 "t!

2#"2"2=3
;

f!%" # 1

4
g00!%" # !2

rC!r; t": !9"

These can be obtained from the exact solution of the
polynuclear growth model [9] (a model in the KPZ
universality class), and have been tabulated with high
precision in Ref. [26]. Nonlinear fluctuating hydrodynam-
ics predicts that the correlation function of a conserved
quantity, in our case hsz0!0"szr!t"i, should be given by the
so-called KPZ scaling function f!%".

FIG. 2. Scaling functions and numerical data: the left column corresponds to the continuous-time model while the right corresponds to
the discrete-time model. We show data for the spin current density hji! and the discrete spin derivative "z, defined as "z #
"!hszri! " hszr"1i!" in the continuous-time model and "z # " 1

4 !hs
z
r$1i! $ hszri! " hszr"1i! " hszr"2i!" in the discrete-time model. All

numerical data (yellow and red points) are appropriately scaled to the KPZ scaling functions, see Eqs. (10) and (11). The blue curves
represent the KPZ scaling functions while the green ones are the best-fitting Gaussian profiles. We note that relatively long times are
needed in order to observe the KPZ scaling, namely, t!50 for the continuous-time model and t!600 for the discrete-time model.
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t = 100ℏ/J

t = 200ℏ/J

Simulations:

kBT = ∞

M. LJUBOTINA, ET AL. 
PRL 122, 210602 (2019)

What is found numerically

⟨ ̂Sz
x(t) ̂Sz

0(0)⟩ = t−2/3 fKPZ(x /t2/3)

⟨ ̂Sz
x(t) ̂Sz

0(0)⟩ = t−1/2 fGaussian (x /t2)Diffusion:



Kardar–Parisi–Zhang “KPZ”
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White noise:⟨η(x, t)η(x′ , t′ )⟩ = δ(x − x′ )δ(t − t′ )

M. KARDER, ET AL. 
PRL 56, 889 (1986)

∂th(x, t) − D∇2h(x, t) =
1
2

λ [∇h(x, t)]2 + γ η(x, t)

KPZ UNIVERSALITY 
CLASS

Systems showing the same dynamics 
as appear in the KPZ equation

⟨∇h(x, t) ⋅ ∇h(0,0)⟩ ∼ t−2/3 fKPZ(x/t−2/3)Mathematical solution:

Where can one find KPZ dynamics?
— Profile of a growing interface 
     (e.g., sheet of paper burning) 
— Disordered conductors

— Traffic flow 
— Spin-half Heisenberg chain

The model is totally deterministic!



The 1D quantum world is special
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Why not simple 
diffusion?

Infinite number of nontrivial 
conserved quantities [Ĥ, Q̂n] = 0

The 1D spin-1/2 Heisenberg 
model is integrable

Constraining 
the dynamics ⟨Q̂mQ̂n⟩ = ⟨Q̂2

m⟩δm,n ⟨Q̂m
̂Sz
tot⟩ ≠ 0

Orthogonal and 
commuting

Overlap with 
magnetization

I have classified the spin

dynamics in 1D magnets

∼ t−1/z fz(x/tz)Dynamical 
exponent z:

z = 2 z = 3/2 z = 1
DIFFUSIF SUPER-DIFFUSIF BALISTIQUE

M. DUPONT AND JOEL E. MOORE 
PRB 101, 121106(R) (2020) 
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Experimental detection
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Well-described by the 
1D Heisenberg model

Jc = 33.5 meV ≫ Ja,b = − 1.6 meV
Cu2+ (S = 1/2)

a b
c

KCuF3

a b c

Figure 1: a Crystal structure of KCuF3, showing the orbital order of the Cu x2 � y2 orbitals.
This order leads to strong magnetic exchange interactions along the c (vertical) axis and weak
exchange interactions along a and b, such that the Cu2+ ions effectively make 1D chains. b
Schematic illustration of spinon excitations in a 1D Heisenberg antiferromagnet (based on
Ref.7). c Schematic illustration of three possible length-time scaling behaviors |x| ⇠ t1/z

observed at high temperature in 1D quantum magnets, classified by the dynamical exponent z:
z = 2 corresponds to diffusion (green curve), z = 3/2 to superdiffusive (blue curve) and z = 1
to ballistic dynamics.

antiferromagnet which can be modeled by the following Hamiltonian,

Ĥ = Jc

X
n
Ŝn · Ŝn+1, (1)

with Ŝn the spin-1/2 operator on the site index n. At equilibrium, the spin dynamics can be

characterized through the correlation function between two spatially separated spins at differ-

ent moments in time, and whose Fourier transform to momentum and frequency spaces is the

dynamical spin structure factor S
�
Q, !

�
. This quantity is directly proportional to the measured

inelastic neutron scattering intensity, and can be computed numerically for the model (1) using

matrix product state (MPS) techniques (See Methods), allowing for a direct comparison be-

tween theory and experiments. Especially, the universal dynamical exponent z is expected to

manifest itself in the form18,

S
�
Q, !

�
⇠ Q�z, (2)

in the limit of small momentum Q and fixed small energy ~!, with KPZ behavior identified by

z = 3/2.

To search for effects of KPZ behavior, we measured the inelastic KCuF3 neutron spectrum

5

KCuF3

Weakly coupled spin-1/2 chains

Ĥ = Jc ∑i

̂ ⃗S i ⋅ ̂ ⃗S i+1

Corresponds to the 
neutron scattering intensity

“KPZ” HYDRODYNAMICS EXPECTED

⟨ ̂Sz
x(t) ̂Sz

0(0)⟩ S(Q, ω)Fourier transforms

A. SCHEIE, ET AL. 
ARXIV:2009.13535



Neutron scattering measurements
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It emerges in the long time 
and wavelength limits

Where to look for hydrodynamics?

Q → 0, ℏω → 0S(Q → 0, ω → 0) ∼ Q−3/2

Fixed at a small value

Figure 2: Measured neutron spectrum of KCuF3. a Cartoon of the KCuF3 spinon spectrum. The
gray region at the bottom shows the region measured. b Zoom in on the region measured in the
SEQUOIA experiment, also showing three cuts (cut a, cut b, and cut c) used to approximate the
~! ! 0 scattering. c and d show measured spectra at 75 K and 100 K, respectively. Cut a is
indicated by the horizontal red bar. It is not possible to directly measure the magnetic scattering
at ~! ! 0 due to the strong elastic incoherent scattering. Therefore, we take the lowest energy
cuts where magnetic scattering dominates, cut a, as shown in Fig. 3.
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Focus on the low-energy 
part of the spectrum

S(Q, ω)

LOOKING HERE



Figure 3: Power law behavior of KCuF3 around Q = 0. The left column shows experimental
data integrated over 0.7 < ~! < 2 meV (cut a in Fig. 2) symmetrized about Q = 0 compared
with the MPS simulations. The same multiplicative scaling factor is used for all temperatures,
and the agreement is quite good above Q ⇡ 0.2, below which finite-size effects are significant
for MPS (See the Supplementary Information). The right column shows the data fitted to a
phenomenological power law. As a part of the fit, the Q = ⇡ peak was also fitted to a power law
and subtracted off as background. The fitted power is very close to �3/2 at all temperatures.
Comparison to z = 2 and z = 1 exponents are given in panel l. (Note that Q is unitless 0 ! 2⇡
as in Fig. 2.)
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0.7 < ℏω < 2 meV

Neutrons + simulations Subtract Q → π background

Neutrons Simulations

200K

250K

300K

∝ Q−z with z ≈ 3/2SIGNATURE OF KPZ 
DYNAMICS DETECTED:

Intensity cuts at low energy

9
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Conclusions and perspectives
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Emergent spin hydro.

in 1D quantum magnets

Some have an infinite

# of conserved quantities

Perspective
Hydrodynamics beyond 1D?

Detection of KPZ 
hydrodynamics with 
neutron scattering

z = 2 z = 3/2 z = 1
DIFFUSIF SUPER-DIFFUSIF BALISTIQUE

Cu2+ (S = 1/2)

a b
c

KCuF3

a b c

Figure 1: a Crystal structure of KCuF3, showing the orbital order of the Cu x2 � y2 orbitals.
This order leads to strong magnetic exchange interactions along the c (vertical) axis and weak
exchange interactions along a and b, such that the Cu2+ ions effectively make 1D chains. b
Schematic illustration of spinon excitations in a 1D Heisenberg antiferromagnet (based on
Ref.7). c Schematic illustration of three possible length-time scaling behaviors |x| ⇠ t1/z

observed at high temperature in 1D quantum magnets, classified by the dynamical exponent z:
z = 2 corresponds to diffusion (green curve), z = 3/2 to superdiffusive (blue curve) and z = 1
to ballistic dynamics.
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KCuF3
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0.7 < ℏω < 2 meV

∝ Q−z with z ≈ 3/2
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